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Abstract: Structural safety and high reliability are most important requirements of 
aerospace product. Until recently, a design was considered to be robust if all the variables 
that affected its life had been taken into account and brought under control. So far designers 
have traditionally handled variability with safety factors. Some safety factors are derived 
from observation and analysis and in many cases it use to be pure guesswork. In those cases, 
the bigger the guess, the bigger the risk, the bigger the safety factor resulting in over design 
which is undesirable in case of aerospace product. In the present paper Latin Hypercube 
Sampling (LHS) based quasi random polar sampling technique is suggested for structural 
safety evaluation. The data generated from LHS are selected quasi-randomly to establish 
structural load & resistance dispersion and it has been used for safety evaluation. This 
technique is illustrated with a thin cylindrical pressure vessel, which is used extensively in 
aerospace applications. The proposed technique found to be simple and   this technique will 
be useful to pressure vessel designer during initial design phase. 
 
Keywords: Structural safety, reliability index, Latin hypercube sampling, polar sampling 
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1. Introduction 

Since modern structures require more critical and complex designs, the need for accurate 
approaches to assess uncertainties in loads, geometry, material properties, analysis 
processes and designing has increased significantly. However, computational structural 
mechanics has evolved to a level of sophistication that merits consideration of newer 
methods for incorporating uncertainty in the design process. In all engineering structural 
system design, uncertainties are unavoidable due to stochastic nature of material and 
imperfect nature of mathematical model. These uncertainties can be accounted through 
reliability analysis i.e., through failure probability distribution of load and resistance.  
     In general, moment methods such as Mean Value (MV), First Order Second Moment 
(FOSM), Advance First Order Second Moment (AFSOM), and Second Order Reliability 
Method (SORM) are extensively used for structural safety (reliability) assessment. These 
moment methods require the derivatives of failure functions (Limit State Function). 
Simulation techniques which offer the most versatile means of computing the probability of 
failure by using either the evaluation of multifold integration, or directly by simulating. 
Structure with very low probability of failure, a direct or straightforward Monte Carlo    
Simulation (MCS) procedure may be made computationally more efficient by incorporating 
Variance Reduction Technique (VRT). The Latin Hypercube Sampling is one among the 
VRT and is discussed in this paper. To make the LHS more effective, quasi-random polar 
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sampling is suggested. An attempt is made to evaluate structural safety by using LHS based 
quasi-random polar sampling technique. This technique is illustrated with practical example 
of a thin cylindrical pressure vessel which is used in aerospace vehicles.  

2. Nomenclature 

             Di  :   Internal diameter 
g(x), G(x) :   Performance function 
p  :   Pressure 

fp   :   Probability of failure 
R  :   Resistance 
S  :   Ultimate strength of material/ Load 
t  :   Thickness 
β  :   Safety index 
μ  :   Mean 
σ  :   Standard deviation 
∅  :   Normal Pdf 
Φ  :   Normal Cdf 
  
Limit State function: a set defined by locus of points g(x) = 0 

fp  is defined as     ( )
( )∫ ≤

=
0xG XF dxxfp  

where   ( ) ( ){( 2 0.6 })iG x S p D t p= − ∗ −  
 
fx(x) : is the joint probability density of design variables 

           
Safety Index: β , the Safety Index, is defined as the scalar distance in standard normal space 

g

g

µ
β

σ
=  

3. Structural Reliability 

Uncertainties and randomness associated with both loads and structural characteristics 
introduce variability in structural response. The predicted response of structure based on 
mathematical and statistical models with imperfect knowledge tends to depart from reality. 
Recent developments in the area of probabilistic methods and statistical inference offer a 
mathematical basis that will enable designer to incorporate the influence of variability and 
uncertainties arising from a variety of sources more effectively into design process. Some of 
these developments are discussed in this paper from the stand point of reliability of thin 
maraging steel cylindrical pressure vessel structure. 

The structural analysis is accomplished by examining the limit state which describes 
the conditions that render a structure unsatisfactory for one of the intended roles under one 
load effect or a combination of load effects. From the ultimate strength stand point, the limit 
state equations is generally expressed in terms of structural resistance and load effects, 
where as, for serviceability, the limit state represent the evaluation of a performance 
criterion. 

The two basic variables representing action and resistance are function of a number of 
other variables. An increase in number of variables in the limit state equation and the 
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departure of their distributions from the normal together with a nonlinear failure function 
introduces complexity to the problem. In such case, this limit state, (G = R- S = 0) is a 
hyper- surface of n-dimensional space, and separates the failure and safe regions. The 
probability of failure is equal to the volume integral over the failure region [6-10]. 

( )
( )∫ <

=
0XG Xf dxXfp                                                        (1)        

In which fx(X) is the joint probability density function of the n-dimensional vector X. The 
preceding integral may be evaluated by means of one of the following techniques or 
combination of either viz;  a) numerical integration b) approximation methods c) 
simulation. In the present paper, simulation methods have been used. 
In reliability analysis, random variables occur in modeling Loads (S) and Resistance (R). 
Their randomness is characterized by means Sµ  and Rµ ; standard deviations, Sσ and 

Rσ ; and corresponding probability density function ( )sf S  and ( )Rf r  . 

The probability of failure, pf is given by     ( ) ( )dssfsFp SRf ∫
∞

=
0

 

The performance function is described as Z = R-S 
( )nxx,xg 21= , where x i are the basic variables. 

The reliability index or safety index ‘β’ is evaluated as   
Z

Z

σ
µ

=β                                    (2) 

The probability of failure is given by   ( )β−Φ=fp                                                       (3) 
where ‘Ф’ is the cumulative standard normal distribution function  

3.1 Simulation Methods 

Simulation based algorithms [1-3] were the first developed methods for reliability 
(probability of failure) analysis and included techniques such as Monte Carlo Simulation 
and Latin Hypercube Sampling. Simulation techniques perform discrete series of numerical 
experiments to estimate the multi dimensional integral. These techniques are preferable for 
complex problems where accuracy is a primary concern since simulation tends to converge 
to theoretical solution. However, the major disadvantage is the large number of simulation 
run required to obtain an accurate result. In this paper, Latin Hypercube Sampling, and LHS 
based quasi-random Polar Samplings are discussed. 

3.1.1 Latin Hyper Cube Sampling 

The Latin Hyper Cube Sampling (LHS) method [3-5] is a technique for reducing a number 
of MCS simulation run. It was first proposed by Mc Kay in 1979 and then further refined by 
Ronald L. Iman in 1981. In Latin Hypercube, the samples are forced to be in interested 
region. This can be done by dividing standard normal probability density function into 
desired interval. The area under PDF curve for each interval is equal, therefore, the divided 
Cumulative Density Function (CDF) can be developed. 

The random number is generated by choosing standard normal CDF at each interval. 
The chosen CDF is then appropriately transformed onto basic domain according to desired 
distribution. Once all samples are generated, the set of random variables is organized  
independently by uniformly selecting each of variables generated values such that the 
selected value must be used only once,  as depicted in Fig -1. The simulation steps are as 
follows 

• For each variable generate one point from each of the interval uij,                    
j=1,2,…,m  for variable i. 
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• The first point 1
ju in the LHS sample is generated by sampling one value 1

iju from 
each axis ui. The second point is generated in the same way, except that the values 

1
iju are deleted from the sample. In this way ‘m’ points are generated. 

• The probability of failure from this sample is estimated from 

( )[ ]∑
=

=
m

j

J
f ugI

m
p

1

ˆ1                                                     (4) 

• This procedure is repeated N times and the final estimate of pf is 

( )[ ]∑∑
= =

=
N

k

m

j

kj
f ugI

Nm
p

1 1

1                                                             (5) 

Where 
kju is the realization number, Ĵ  is the kth LHC sample.  

There is no simple form for the standard error of this simulation but in general the standard 
error is of the magnitude 

mN
1 times the standard error of crude MCS. 

 
 

 
 
 

3.1.2 Modified Latin Hypercube Sampling 

The modified LHS termed, as Quasi Random Polar Sampling [10-12] is an improvised 
method of LHS technique. In polar sampling division of range of possible value of each 
random input variable depends on the number of sample required. In this method first 
random samples are generated using LHS for each variable. These variables are then 
arranged in ascending order as given in matrix Fig-2.  The variables of each column are 
then selected randomly using discrete uniform distribution. A quasi-random matrix is 
generated which is column wise reshuffle of the original ascending order matrix as shown in 
Fig-3. The modified LHS matrix is used for safety analysis.  
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Figure 1:   Latin Hypercube Simulation Method 
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4.     Design Data 

The pressure vessel design is carried out as per ASME pressure vessel code. The design 
data of the present thin maraging steel cylindrical pressure vessel obtained from the design 
documents are given in Table 1. 

            Table 1: Design Parameters                  Table 2: Parameter Variability 

 

4.1    Manufacturing Data 

Pressure vessel data, viz; internal diameter, thickness, ovality etc., are collected time to time 
from manufacturing centre. Other material properties like ultimate tensile strength, yield 
strength and fracture toughness have been generated in material testing lab. The details of 
various parameters and their variability are placed in Table 2. 

5.     Analysis 

In the present case the safety evaluation is carried out as per section **   for proposed thin 
maraging steel cylindrical pressure vessel   . The failure mode considered is plastic failure, 
that is when load induced hoop stress exceed the material strength which is expressed as 
below: 
Hoop Stress (HS) p.

t
pDi 60
2

−=                                                                                               (6) 

The limit state function  
















−−= p.

t
pDSG i 60
2

                                                                       (7) 

 
Internal Diameter 
Working Pr 
Design Pr 
Thickness 
Design Code 
 
Construction 

 
: 
: 
: 
: 
: 
 
: 

 
222.5 mm 
1.00 Kg/ mm sq 
1.35 Kg/ mm sq 
1.4 mm 
ASME Pressure 
Vessel 
Maraging steel 
Flow formed 

Sl. 
No. 

Parameter Mean 
(μ) 

Standard 
Deviation (σ) 

1 
 

2 
 

3 
4 

 

Pressure (p) 
Kg/ mm sq 
Internal Diameter 
(Di) mm 
Thickness (t) mm 
Material Strength    
(S) Kg/ mm sq 

1.35 
 

222.5 
 

1.4 
172 

 

0.054 
 

0.15 
 

0.025 
5 
 

Figure 2: Ascending Order LHS  
                 Matrix   

Figure 3: Quasi Random Modified      
                 LHS Matrix   
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The Safety (Reliability) Index is evaluated as 
( )22

HSS

HSS

σ+σ

−
=β µµ                                          (8) 

µS , µHS , Sσ  and HSσ  are calculated from Table – 4 data of Modified LHS Matrix, 

where   0671172.S =µ ,     9107.HS =µ ,        312.S =σ ,        827123.HS =σ  
Substituting above values in (8) we get β = 2.6804 
The probability of failure is evaluated as   ( )β−Φ=fp   we get  00470.p f =  

6.    Results and Discussion 

The simulation method is the best method for solving complex structural safety problem. 
Also it has been noticed that Monte Carlo Simulation (MCS) is the best and most accurate 
technique. However MCS is expensive, incase of low probability of failure, which requires 
a large number of simulation run. The common methods used for structural safety 
assessment are FOSM, AFOSM, SORM etc., and these require the evaluation of derivatives 
of performance functions, which found to be difficult in complex cases. 

The LHS is one of the variation reduction technique used in the present case is simple. 
The modified LHS (quasi random) polar sampling technique makes it very effective, as the 
random sample are generated from full range of the distribution. In the present case only 20 
samples of each variable is considered for illustration as shown in Table-3 & Table-4. Like 
every simulation method, in this case also a repeat and large number of simulation run will 
yield better result. 

Table 3: Ascending LHS Matrix 
Sl. No Material Strength Pressure Diameter Thickness 

1 168.0016 0.8518 221.5950 1.1343 
2 168.3970 1.0429 222.0003 1.1541 
3 169.1420 1.0596 222.0545 1.1986 
4 169.9010 1.1402 222.1612 1.2631 
5 170.4616 1.1896 222.1935 1.2757 
6 170.5048 1.2246 222.2473 1.3019 
7 170.9888 1.2542 222.3022 1.3278 
8 171.3265 1.2698 222.3934 1.3506 
9 171.5547 1.3197 222.4230 1.3789 
10 171.8891 1.3290 222.4771 1.3857 
11 172.1054 1.3528 222.5243 1.4113 
12 172.3373 1.3894 222.5674 1.4234 
13 172.7246 1.4155 222.6110 1.4499 
14 173.1632 1.4423 222.6503 1.4683 
15 173.4257 1.4891 222.7094 1.4871 
16 173.6718 1.5349 222.7855 1.5289 
17 174.0133 1.5501 222.8627 1.5383 
18 174.5785 1.6268 222.9709 1.5983 
19 175.0467 1.6678 223.0603 1.6569 
20 177.0777 1.7573 223.6548 1.8171 
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Table 4: Modified LHS (Polar Sampling) Matrix 
 

Sl. No Material Strength Pressure Diameter Thickness 
1 173.6718 1.3528 222.6110 1.2631 
2 171.3265 1.2246 222.3934 1.6569 
3 170.4616 1.4891 222.8627 1.3789 
4 171.5547 1.1402 222.5243 1.2631 
5 168.3970 1.4423 222.6503 1.5983 
6 169.1420 0.8510 223.0603 1.8171 
7 175.0467 1.2698 222.9709 1.4683 
8 177.0777 1.4155 222.5674 1.1986 
9 172.3373 1.5349 222.7855 1.3019 
10 170.9888 1.0429 222.7094 1.5289 
11 172.8891 1.6678 222.1935 1.4234 
12 173.1632 1.6268 222.3022 1.1541 
13 174.0133 1.3290 222.4771 1.4499 
14 168.0016 1.3197 222.0003 1.4683 
15 170.5048 1.0596 223.6548 1.2757 
16 169.9010 1.2542 222.5950 1.1343 
17 172.7246 1.1896 222.0545 1.3506 
18 173.6718 1.3894 222.1612 1.3857 
19 174.5785 1.5501 222.2473 1.5383 
20 171.8891 1.7573 222.4230 1.4113 

7.    Conclusion 

A simplified variation reduction technique i.e., Modified Latin Hypercube Sampling is 
presented with a practical illustration. LHS reduces dramatically number of simulation runs. 
The modified quasi-random polar sampling found to be effective as it cover full range of 
distribution. Discrete uniform random number has been used to reshuffle the ascending 
LHS matrix also found to be equally effective for evaluation of complex structure. The 
proposed paper will be useful to structural safety designer during initial phase of design 
incorporating the manufacturing variability.  
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